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THE EYNARD-ORANTIN RECURSION FOR SIMPLE SINGULARITIES 


TODOR MILANOV 


Abstract. According to 191 and lfT9l . the ancestor correlators of any semi-simple 
cohomological field theory satisfy local Eynard-Orantin recursion. In this paper, 
we prove that for simple singularities, the local recursion can be extended to a 
global one. The spectral curve of the global recursion is an interesting family of 
Riemann surfaces defined by the invariant polynomials of the corresponding Weyl 
group. We also prove that for genus 0 and 1, the free energies introduced in cni 
coincide up to some constant factors with respectively the genus 0 and 1 primary 
potentials of the simple singularity. 
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1. Introduction 

1.1. Motivation. According to @ and [|T^ . the ancestor eorrelators of any semi¬ 
simple eohomological field theory satisfy local Eynard-Orantin reeursion. The 
term loeal refers to the faet that the spectral curve is just a disjoint union of several 
dises. If we are interested in computing specific ancestor Gromov-Witten (GW) 
invariants in terms of Givental’s R-matrix, then the local recursion is all that we 
need. However, if we want to understand the nature of the generating funetion from 
the point of view of representations of vertex algebras (see [|3) and integrable sys¬ 
tems (see ifTSll ). then it is important to extend the local recursion to a global one, 
i.e., extend the speetral curve and the recursion kernel to global objeets (see If^). 
The appropriate speetral eurve however, looks quite eomplieated in general, sinee 
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it is parametrized by period integrals. In partieular, finding whether an appropriate 
generalization of the global Eynard-Orantin reeursion IfTOl |3l exists in the settings 
of semi-simple eohomologieal field theories is a very ehallenging and important 
problem. 

In this paper we would like to solve the above problem for simple singularities. 
In this ease, the speetral eurve turns out to be a elassieal Riemann surfaee defined by 
the invariant polynomials of the monodromy group of non-maximal degree, while 
the invariant polynomial of maximal degree defines a branehed eovering of . This 
brunehed eovering was also studied by K. Saito (unfortunately he did not write a 
text), beeause it is a eovering of what he ealled a primitive direction in the spaee of 
miniversal deformations of the singularity. 

I think that the speetral eurve for simple singularities is important also in the 
representation theory of the eorresponding simple Lie algebras. For example, one 
ean obtain a simple proof of the well known faet that the order of the Weyl group is 
the produet of the degrees of the invariant polynomials (see Appendix lAl). 

Finally, after a small modifieation our argument should work also for all finite 
refleetion groups. The speetral eurve is a eertain family of Hurwitz eovers of P^ 
parametrized by an open subset in the spaee of orbits of the eorresponding reflee- 
tion group. It would be interesting to obtain the Frobenius strueture on the spaee 
of orbits of the refleetion group (see |[8l |^) via the eonstruetion of a Frobenius 
strueture on the moduli spaee of Hurwitz eovers (see flUl, Leeture 5). 

1.2. Singularity theory. Let / g C[xi, X 2 , be a weigthed-homogeneous poly¬ 
nomial that has an isolated eritieal point at 0 of ADE type. Sueh polynomials eor- 
respond to the ADE Dynkin diagrams and are listed in Table [B where we have 
ineluded also the Coxeter number h and the Coxeter exponents of the eorrespond¬ 
ing simple Lie algebra. 


Table 1. Simple singularities 


Type /(jc) Exponents 


h 

N+l 

2N-2 

12 

18 

30 


Aa? x^*^+x\+x\ 1,2,...,a 

Dn Xq~^+Xqx\+x\ 1,3,..., 2A-3, A-1 

Xq+x\+x\ 1,4,5,7,8,11 

E-] x^qXi+x\+x^ 1,5,7,9,11,13,17 

Eg xl+x\+xl 1,7,11,13,17,19,23,29 


We fix a miniversal deformation 


N 



(1) 


!=1 
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where {v,(A:)}j^j is a set of weighted-homogeneous polynomials that represent a ba¬ 
sis of the Jaeobi algebra 


H = C[Ai,A2,A3]/(/„,/^2,/,3). 

The form oj := dxidx 2 dxj, is primitive in the sense of K. Saito [121112^ and the spaee 
B inherits a Frobenius strueture (see For some baekground on Frobenius 

struetures we refer to [I8]|. The Frobenius multiplieation on TfB is obtained from the 
multiplieation in the Jaeobi algebra of F(t, ■) via the Kodaira-Speneer isomorphism 

TtB = C[xuX2, X3]/(F^^(t, x),..., F^^{t, x)), djdu ^ dFjdti. 


While the Frobenius pairing (, ) on is the residue pairing 


(0l(T),02(T))r 


1 r 

(In Jr Fxi (t, x)--- F^^(t, x) 


where the eyele F is a disjoint union of suffieiently small tori around the eritieal 
points of F defined by equations of the type \F^^\ = • • • = \Fjc^\ = e. In partieular, 
we have the following identifieations: 


T*B = TB = BxTqB = Bx H, 


where the first isomorphism is given by the residue pairing, the seeond by the Levi- 
Civita eonneetion of the flat residue pairing, and the last one is the Kodaira-Speneer 
isomorphism 

ToB = H, djdu ^ dt,F[^^ mod (2) 

Let Bss c 5 be the subset of semi-simple points, i.e., points t & B sueh that the 
eritieal values of F(t, •) form a eoordinate system in a neighborhood of t. For every 
t 6 Bss, using GiventaTs higher-genus reeonstruetion formalism [[T^[T3ll . we define 
aneestor eorrelation funetions of the following form (e.f. ffT^ l 

(aii/fj*,.. .,anif/n)g,„(t), at 6 H, kt 6 Z>o(l < i < n). (3) 

A priory, eaeh eorrelator depends analytieally on t 6 Bss, but it might have poles 
along the divisor B \ Bss- Aeeording to |[20l the eorrelation funetions ([3]) extend 
analytieally to the entire domain B. 


1.3. The period vectors. Put X = B x and S = B x C. Let 2 c S be the 
discriminant of the map 

(p(t,x) := (t,F(t,x)). 

Removing the singular fibers X' = X\(p~^(I,) we obtain a smooth fibration X' S', 
where S' = S \ 2, known as the Milnor fibration. Let us denote by X,^^ = ^~^(i, d) 
the fiber over (t,A) 6 S'. The veetor spaees H'^{X,x, C) and H 2 (X,j, C) form the so 
ealled vanishing eohomology and homology bundles. They are equipped with flat 
Gauss-Manin eonneetions. 
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We fix (0,1) 6 5 as a reference point and denote by f) := H^{Xo i,C). The dual 
space f)* = H 2 (Xqj,C) is equipped with a non-degenerate intersection pairing and 
we denote by (i) the negative of the intersection pairing, so that (ala) = 2 for every 
vanishing cycle a. The set R of all vanishing cycles together with the pairing ( 1 ) 
is a root system of type ADE. Moreover, according to the Picard-Lefschetz theory 
(see ttUl) the image of the monodromy representation 

;ri(S')^GL(r) (4) 

is the Weyl group of R, i.e., the monodromy transformation along a simple loop 
around the discriminant corresponding to a path along which the cycle a vanishes 
is the following reflection 

Sa(x) = X - (a\x)a, a £ R, v 6 f)*. 

Let us introduce the notation d^, where x = (xi,..., x,n) is a coordinate system on 
some manifold, for the de Rham differential in the coordinates x. This notation is 
especially useful when we have to apply to functions that might depend on other 
variables as well. The main object of our interest are the following period integrals 

/f (t. A) = -d, (27r)-' f d-^io £ T;B = H, (5) 

where a 6 1) is a cycle from the vanishing homology, a/j £ H 2 (Xfj, C) is the 
parallel transport of a along a reference path, and d~^a)is any 2-form rj £ such 
that djcfj = o). The periods are multivalued analytic functions in (t, A) £ B x C with 
poles along the discriminant S. 

1.4. The period isomorphism. Let us fix a coordinate system t = (ti,..., on 
B defined by a miniversal unfolding of / of the type dU). We may assume that 
vn{x) = 1 and denote hy t - A\ the point with coordinates (L, ■. - Jn - A). Note 

that Xt,A = Xt-Ai.o, so the period vectors have the following translation symmetry 

/f(t,T) = /f(t-Tl,0). (6) 

Sometimes we restrict the period integrals to T = 0 and it will be convenient to use 
as a reference point -1 6 B. Note that this choice is compatible with the choice 
of the other reference point (0,1) 6 5 x C in a sense that the values of the period 
vectors at these two points are identified via the translation symmetry ® . 

Now we can state the following result that goes back to Looijenga [[T^ and Saito 
[I 2 TII . The monodromy covering space of B' := 5' n 5 is the covering B'of B' corre¬ 
sponding to the kernel of the monodromy representation dH). It can be constructed 
as the set of equivalence classes of pairs (t, C), where t £ B' and C is a path in B' 
from the reference point -1 to t and the equivalence relation (ti,Ci) ~ (^ 2 ,^ 2 ) is 
t\ = t 2 and Cl o C 2 ^ is in the kernel of the monodromy representation dl]). Note that 
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the period integrals are by definition functions on B'. In particular we have a well 
defined period map 

0:5'^ I)', <0(C, t), a) := 0), 1), 

where i)' is the complement in 1) of the reflection hyperplanes of the roots R, i.e., 
I)' = {a G I) I (or, a) O'ia & R]. The first statement is that <5 is an analytic 
isomorphism. In particular, there is an induced isomorphism O : B' i)'/W. 
The 2nd statement is that O extends analytically across the discriminant and the 
extension provides an analytic isomorphism B = 1)/1T := Spec(SUsing the 
isomorphism O and the natural projection B' B' we can think of the coordinates 
ti as Vk-invariant holomorphic functions on I)'. The 2nd statement is equivalent 
to saying that each coordinate ti extends holomorphically through the reflection 
mirrors, the extension is in fact a IT-invariant polynomial in I), and the ring of all 
Vk-invariant polynomials is S (I)*)”' = C[ti,..., . We refer to [fTHl[2TII for the proof 

of all these statements. 

1.5. The spectral curve. Let us fix a set of simple roots {adjii denote 

by X = (xi,..., xtq) the coordinate system in 1) corresponding to the basis of funda¬ 
mental weights c i), i.e., 

N 

x='Y^XiCOi, Xi = {ai,x). 
i=l 

As explained above ti e C[xi,... are invariant polynomials and since the 
period mapping is weighted-homogeneous, t,- are homogeneous polynomials of cer¬ 
tain degrees J,. Let us assume that the degrees are in an increasing order, then the 
numbers 1 = di - I < d 2 - I < .. .d^ - I =: h - I are known as the Coxeter 
exponents (see Tabled]). Given s 6 we define the algebraic curve Vs c 

ti{Xu...,X,,) = SiX^-, l<i<N-L 

As we will see later on if 5 g Bss, then Vs is non-singular. In fact, the points s for 
which Vs has singularities are precisely the caustic B - Bss- I am not aware if the 
family of algebraic curves K, 5 g Bss has an official name attached, but since it will 
be the spectral curve for the EO recursion, we will refer to it as the spectral curve 
of the singularity or just the spectral curve when the singularity is understood from 
the context. 

There is a natural projection 

A:Vs^V\ [Xo,Ai,...,X^] ^ [4,t^(Ai,...,X^)], (7) 

which is a branched covering of degree |Vkl, where |A| denotes the number of ele¬ 
ments of the set A. The branching points are d = Wi,..., Mat, 00, where m, are the 
critical values of F(s,x). By definition, the period integral (f~^\s,A), 1) defines 
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locally near a non-branching point /I G a section of the branched covering (|7]). It 
follows that the set of ramification points 

A-\uiX 1 < i 

is precisely the interseetions of Vs and the refieetion mirrors 

N 

{a,X) = '^{a, (jJi)Xi = 0, a &R+, 

i=\ 

where is the set of positive roots. The remaining ramifieation points are /l“^(oo). 
They eorrespond to eigenveetors of the Coxeter transformations with eigenvalue 

^ ^2nyfAlh. 

[Xo,Xi,...,X;v] 

if and only if Xq = 0 and Xiili G I) is an eigenvector with eigenvalue rj for a 
Coxeter transformation. It is easy to see that the ramifieation index of any point in 
is 2, while the ramifieation index of a point in /l"‘(oo) is h. 


1.6. The Eynard-Orantin recursion. We make use of the following formal series 

iteZ teZ 


Note that d; z) = d; z). Given n eyeles ori,..., Qr„ and a semi-simple 

point s G Bss we define the following n-point symmetric forms 


O) 


au- 

g,n 


'""(5;di,...,d„) = (0"‘(5,di;i/ri),...,0""(5,d„;i/r„)) ( 5 ), 


( 8 ) 


where the - 1 - means truncation of the terms in the series with negative powers of z. 
The funetions dH) will be called n-point series of genus g or simply correlator forms. 
The ancestor correlators ([3]) are known to be tame (see IfTdll l. whieh by definition 
means that they vanish if ki -l- • • • -l- > 3g - 3 -l- n. Henee the correlator ([8]) is 

a polynomial expression of the eomponents of the period vectors dS]). Thanks to 
the translation symmetry, we may assume that 5 ^ = 0, then dS]) is a meromorphic 
funetion on the speetral eurve x • • • x with possible poles at the ramifieation 
points of the covering dl]). 

Let us fix 5 = ( 5 i,..., sn-\) g and denote by 7 g I)* an arbitrary cycle, s.t., 
(ylcr) 0 for all or G 7?. We define a set of symmetrie meromorphie differentials on 
V's with poles along the ramifieation points of Vs 


a)g^„(s;pi,...,pn) := di,..., d„), (9) 

where the RHS is defined by fixing a referenee path for eaeh ( 5 ,d,) g S', s.t.. 
Pi = {f~^\s, Ai), 1). Our main result ean be stated as follows. 
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Theorem 1.1. If s e B^s, then the forms a>g^„, 2g - 2 + n > 0, satisfy the Eynard- 
Orantin recursion associated with the branched covering (|7]) and the meromorphic 
function fy : Vs ^ P\ fy(x) := {y,x). 

The recursion will be recalled later on (see Section (33]). We would like however 
to emphasize that the Eynard-Orantin recursion in our case differs from the standard 
one by the initial condition: 

(^o, 2 {x,y) ='Yjdy\wy)B{x,wy), (10) 

weW 

where B(x,y) is the Bergman kernel of and for x = wy one has to regularize 
the RHS by removing an appropriate singular term (see Section 1X3]) . Let us point 
out that while the Bergman kernel depends on the choice of a Torelli marking of 
Vs, i.e., a symplectic basis of HfVs', Z), our initial condition is independent of the 
Torelli marking (see Corollary 12.51) . This fact could be proved also directly by using 
the explicit formula (l24l) for the holomorphic 1-forms and some standard facts for 
VT-invariant polynomials. Finally, let us point out that the set of correlators dH) 
determines the set ([8]), because by definition 

..., = ojg^„(s; w^^Ipn), 

where wi,..., w/v 6 VT are arbitrary. 

The branched covering dZ]) and the meromorphic function fy determine a bi- 
rational model of Vs in C^. Following IfTDll we can introduce the tau-function 
Z{h,s) := Zn{Vs, A, fy) of the birational model of the spectral curve. It has the 
form 

oo 

Z{h, s) = exp (E 

g=0 

where F^^\s) is called the genus-g free energy of It is very natural to compare 
F^^\s) with GiventaTs primary genus-g potentials F^^\s). Unfortunately we could 
not solve this problem in general, but only for g = 0 and g = 1 

£(0)(5) = ^ = 0, 

where the first identity is valid up to quadratic terms in the Frobenius flat coordi¬ 
nates of s £ B, while the second one up to a constant independent of s. It is known 
that the genus-1 potential of the Frobenius structure is homogeneous of degree 0, so 
it must vanish in the case of a simple singularity. According to [[TDll . Z{h, s) satisfies 
Hirota bilinear equations. According to ifTSll . the total ancestor potential Jls(h-, q) of 
an ADE singularity satisfies the Hirota bilinear equations of the corresponding gen¬ 
eralized KdV hierarchy. It will be interesting to clarify the relation between F}^\s) 
and F^^\s) for g > 2, as well as to determine whether GiventaTs primary ancestor 
potential IHsih', 0) also satisfies Hirota bi-linear equations. 
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2. Analytic extension of the kernel of the local Eynard-Orantin recursion 

It was proved in [[T9ll (see also S) that the eorrelator forms ([8]) satisfy a local 
Eynard-Orantin (EO) recursion, whose kernel is defined by the sympleetie pairing 
of certain period series. In this seetion, we will prove that these sympleetie pair¬ 
ings are eonvergent and ean be extended to the entire speetral eurve Moreover, 
the eorresponding extensions ean be expressed in an elegant way via the so ealled 
Bergman kernel of Vs- 

2.1. The kernel of the local recursion. Recall the sympleetie pairing 

g{z)) = Res,=o(/(-z), g{.z))dz, f,g€ Hiz-^)). 

The loeal recursion is defined in terms of the sympleetie pairings 

oo 

O(0:(5,d;z),f^(5,//;z)) = dA 

k=0 

where the infinite series is interpreted formally in a neighborhood of a point jx = 
Ui(s), s.t., the eyele /3s,fj vanishes over jx = Ui{s). We are going to prove that this 
infinite series expansion is convergent to a meromorphie funetion on x 

To begin with, let us reeall that the periods satisfy the following system of differ¬ 
ential equations 

dJ^"\s,A) = -Va 

(A - E.s)dxl^’'\s, A) = [e-n- A), (11) 

where da := djdsa, E is the Euler veetor field E = deg(t,)t,-5r,, and 6 is the 

Hodge-grading operator 

6 : H ^ H, Vaf-^ {Djl - deg(Va))Va, 

where D = deg(Hess(/)) = 1 - 2//i is the eonformal dimension of the Erobenius 
structure. The key to proving the convergence is the so called phase 1-form (see 

mm) 

0 = C^(s,f) • 0 ) 6 r;s, 

where the period vectors are interpreted as elements in T*S and the multiplieation in 
T*S is induced by the Erobenius multiplication via the natural identifieation T*S = 
TsS. The dependenee on the parameter ^ is in the sense of a germ at ^ = 0, i.e., 
Taylor’s series expansion about ^ = 0. The phase form is a power series in f whose 
coefficients are multivalued 1-forms on B'. 
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Lemma 2.1. We have 

{a\li) = 0) = -(/f ( 5 ,0), E • I^%, 0)). 

This is a well known fact due originally to K. Saito ETl . 

Lemma 2.2. The phase form is weighted-homogeneous of weight 0, i.e., 

{fd^ + LEm,^p{s,f) = Q, 

where Le is the Lie derivative with respect to the vector field E. 

Proof Note that 

It is easy to check that "Wap is a closed 1-form, so using the Cartan’s magic formula 
Le = dpE + ^-Eds, where Le is the contraction by the vector field E, we get 

LE^ap = dfilf{s,OA0+ll2)I^-^\sm = -dfi{e-ll2)lf{s,OJ^p'\s,Q)). 

We used that 6 is skew-symmetric with respect to the residue pairing and that 

LEd,f-'\s,Q) = £ 4 -'\ 5 , 0 )) = {e+ll2)f-'\s,Q), 

where the last equality comes from the differential equation (fTTI) with n = -\ and 
d = 0. Furthermore, using the Leibnitz rule we get 

-{{6 - 1 l2)d,C{s, ^), I^-^\s, 0)) -((0-1 /2)C(s, ^), d/-^\s, 0 )). 

The first residue pairing is 

(Af^\s,f),(e+ll2)I^-^\sm = -(Af^\s,f),E*lf\s,Q)), (12) 

where we used that 0 is skew-symmetric and that = -AI^^ with A = 'Za=i(^/dSa*)dSa. 
Similarly, the 2nd residue pairing becomes 

((^d^ + E)f^\s,ad/;^\s,0)) = ^d^AV,p(s,0 + (E.l2\s,aAf(s,0)). (13) 

On the other hand, since the Frobenius multiplication is commutative, [A, £■•] = 0, 
so the terms (fT^ and (fTSl) add up to fd^'Wap(s, ^), which completes the proof. □ 

Let us define the following meromorphic 1-forms on Vs x Given (A:,y) 6 
Vs X Vs, s.t., T, y are not ramification points, there are unique pairs (C, d) and (C',p), 
s.t., Y = 0 ( 0,5 - dl) and y = 0 (C ',5 - pi), where C and C' are paths in B' 
connecting respectively 5 - dl and s - pi with the reference point. Put 

Kap(s,x,y) := ^(/f(^,d),( 0 + l/2)&^\s,p)), 

A — p 



10 


TODOR MILANOV 


where the branches of 7^°^ and 7^”^^ are determined respectively by the paths C and 
C. This definition extends analytically across the ramification points and the form 
has a pole only along the divisor 

{(j£:,y) eVsXVs : /l(v) = /l(y)} = U^ewix = wy], 
where the action of IT on 1) is induced from the action on ))*, i.e., 

{a,wx) = {w~^a,x), a el)*, xel). 


Proposition 2.3. The symplectic pairing 

Q(0"(5,/l;z),f^(5,//;z)) = Kap{s,x,y), 

where x = 0(C, s - Al), y = 0(C, s - pi) and C is the path that specifies the value 
of the symplectic pairing. 


Proof. Using the differential equations for the periods, it is easy to verify that 
A-,z),f-(,s, p-,z)) = dAf^\s, A) •,I^^\s,p) = dA^apis - pi, A - p). 
According to Lemma we have 

dA^Wafiis', A-p) = -ds' ( l-E^apis', A - yU)), (14) 

which by definition is 

dv (j^(C(s',A- p),{e + l/2)I^f^\s',0)). 

Integrating (fT4l) with respect to s' along a short path from sq := s - ufs)! to s - pi 
and using that 7^“^^^', 0) vanishes as 5' ^ 5o> we get 

n(cp'l(s,A-,z),t(s,p-,z)) = ^{C{s,A),{e+ ll2)&^\s,p)). □ (15) 

A — p ^ 


2.2. The local kernel and the Bergman kernel. Now we are in a position to prove 
the key result in this paper. Let us fix a symplectic basis of 77i(y^;Z), 

s.t., Jii o = 6ij. There is a unique symmetric differential B{x,y) e Qy El Qy (2A) 
which is holomorphic on x Vs except for a pole of order 2 with no residue along 
the diagonal Ac x normalized by 


and 


B{x,y) = 0, 


yeJli 


I <i<N 


B{x,y) 


dA(x)dA(y) 
iA{x) - d(y))2 


for any local coordinate A : U ^ C {U a Vs) and for all A:,y 6 U x U. The 
differential B{x, y) is called the Bergman kernel. We refer to [fTOll for more details 
and references. 
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Proposition 2.4. The following identity holds 


dyK„j}is, x,y) = Y^{a\wj3)B{x, wy), 'ia,/3 e I)*. 


Proof. Put 

x = '^{C,s-Al), y = '^iC',s-nl). 


By definition wy = <I)(C' o s - jjl). Therefore, if x and wy are near by, then w 
must be the monodromy along the loop C~^ o C'. Using Saito’s formula (12.11) we 
get that the leading order term of K„^p{s, x, y) near the w-diagonal y = wy is 


( 7 ^( 5 ,//), Ux - E»)lf {s,ny) = {a\wli)-^^— 
(A - yu) (A - yU) 


where we used that 



where the index in the eyele denotes the path along whieh the eyele has to be trans¬ 
ported in order to define the period. 

We get that the differenee of the two sides of the identity that we want prove is 
a holomorphic symmetrie 2-form D(x,y) on x V,. To prove that such a form 
vanishes it is enough to prove that 



This is true for the Bergman kernel by definition, while for dyKa^is, x, y), since it is 
an exact form, the corresponding integral vanishes for all cycles 6 Hi(Vs, Z) not 


only Jli. 


□ 


Corollary 2.5. The 2-form (fTOl) is independent of the choice ofTorelli marking. 


3. From local to global 


In this section we prove Theorem ll.il 

3.1. The unstable range. By definition, the ancestor potential does not have non¬ 
zero correlators in the unstable range {g,n) = (0,0), (0,1),(0,2) and (1,0). How¬ 
ever, in order to formulate the EO recursion, it is convenient to extend the definition 
of the correlators in the unstable range as well in the following two cases: 



(16) 

(17) 


where ^) is defined as the limit p ^ Aof 
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The limit exists, because the above difference is analytic near = A (see lfT9ll for 
more details). Let us point out that in the definition of the correlator form (fTTI) we 
assume that there is a fixed path C from the reference point to 5 - dl. It is more 
natural however to assume that there are two such paths C\ and C 2 '. one for the 1st 
and one for the 2nd slot of the correlator form. Since 


Pc2«2 = /’c,(^C7>oC2)«2, 

where Pc, : ^2(2f-i,o; C) ^ H 2 {Xs-Aifl', C) is the parallel transport with respect to 
the Gauss-Manin connection, we get that if we want to allow two different paths in 
the definition (fT71) and still have compatibility with the monodromy representation, 
then we should define 




<Tl ,0'2 

' 0,2 


(s;A,A) 


where w = Pc-‘oC 2 *^he branch on the RHS is determined by Ci. 


3.2. The local EO recursion. According to [fT^ . the ancestor correlators satisfy 
the following recursion 


N 


CO 


Ao,Ai,...,A„) = -- ^ Res,i=„. 


ao,a'i,...,a„ 

g,n+ 


./=1 


G(0:°(5,do;z),fg^(^,du)) 

(I^-^\s,A),l)dA 


X 


A,A,Au...,An)+ Yu 


g +g =g 


(18) 


for all stable pairs (g, n + 1), i.e., 2g - 2 + n > 0, where the notation is as follows. 
All unstable correlators on the RHS are set to 0, except for the ones of the type (fT^ 
and (fTTI) . The summation is over all subsets I' c {1,2,..., n} and for each subset 
7' = {/i < ■ • ■ < we put 

/" = {l,2,...,n}-/' =: {71 < • • ■ < 


In particular, n' = |/'| and n" = |/"|. If v = (xi,..., x„) is a sequence of n elements, 
then we define 


X/^ = (Xi ,), V/- = (Xj ,). 

Finally, j8j (1 < j < N) is a vanishing cycle vanishing over A = uj. 

3.3. The global EO recursion. Let us write down the recursion from Theorem 
11.11 Let us denote by 

{yj,a : 1 < a < |lT|/2 } := A-\uj), I < j < N, 

the ramification points on Vs with ramification index 2. There is a unique root 
/3j^a 6 7?+, S.t, yj,a) = 0 and the reflection induces a deck transformation 
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Gj,a : K ^ K which is a generator for the Galois group of a neighborhood of 
viewed as a 2-sheeted covering of a neighborhood of Uj. 

= It It 

{a)g-i^„+iis-,y, 6j,a(y), xi,...,x„)+ ^ a)g>^n'+i{s;y, xr) %aCv), t/-)), 

g'+j;"=g 

where the summation is the same as in the loeal recursion (see Section IX2l) . Let us 
also point out that in the above reeursion all unstable correlators are set to 0, exeept 
for 


oJoaixi, xi) = di, ^ 2 ), vi, V2 e , 


where in order to define the RHS we ehoose d,- = A(xi) and paths C,- in B' from -1 
to 5 - Ail, s.t., 0(C,, 5 - Ail) = Xi- Using Proposition 12.41 we ean express the form 
<j~>o, 2 ^x,y) in terms of the Bergman kernel. Namely, if A{x) 4^ /l(y), then a)o^ 2 (x,y) is 
given by formula (fTOl) . If A{x) = /l(y), then x = Woy for some Wq e W and we have 


COil 2 (x,y) 


lim 

v'->y 


'Y^{y\wy)B{x, wy) - {y\woy) 




dA{x)dA(y') 

(A{x)-A{y')f 


where y' is suffieiently close to y. Note that the set of poles of a)o, 2 (x,y) is the 
following set of points in Vs xV/. 


N 

U A-\uj)xA-\uj). 
./=i 


3.4. Proof of Theorem 11.11 We are going to prove that the global recursion re¬ 
duces to the loeal one. To begin with let us simplify the kernel of the global recur¬ 
sion. Put 

= r B{x,y'), x,yi,y 2 6 V,. 

Jyi 

This is the unique form on Vs with vanishing -periods, with poles of order 1 at yi 
and y 2 with residues respeetively -l-1 and -1. The kernel of the loeal reeursion has 
the following symmetry 

X, wy) = X, y). 

In partieular, using this symmetry when w = 6j^a and Proposition [2]4] we get 

X,y) — —— 'y ' j^a)Sy„(jj^ty),wyi.x)- 
^ weW 


( 19 ) 
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Furthermore, we have 


fyiy) - fy(dj,a(y)) = {7,y- = (fij,a,y) (rl^y,J- 

For fixed j, let us fix the loeal eoordinate ya '■= ®(Ca, s - dl) near the ramifieation 
point yj^a {Ca is a path along whieh Pja vanishes over A = Uj). There is a unique 
element Wa g W, s.t., and yj^a = Wayj,\ (reeall that we chose6 i?+). 

We express the residue at a given ramification point yja in terms of the residue at 
yj^i. Let us denote for brevity := jSyj, 0/ := Oj^i, and y := yi. The contribution on 
the RHS of the global recursion corresponding to the jth term in the outer sum is 


1 

2 


\W\/2 


a=\ 


' Sj.a(ya),ya 


(^o) 


(y\fij,a)H3j,a,ya)dA 


X (^a)g-in+ 2 (s; ya, dj,a(ya), Xj, . . . , X„) + • • • ) , 


where the omitted term differs from the corresponding term on the RHS of the 
global recursion via the substitution y ^ ya- After changing the variables ya = Way, 
the residue turns into a residue at y/ i, i.e., 


1 

2 


| W |/2 

Yj ^^^y=yj-> 

a=l 


^ Wa0j(y},Wayi-y^o) 

(y\fij,a){fij,y) dA 


X 




2(s;way,Wa9j(y),xu...,x„) + 




The term in the bracket is by definition 


K'r-^/3j'^yy-y--y, , , , i ^ , V K'y-yi'yn i ^ ^Pj'^^dy-yi" . , . 

^g-\,n-i-2 d,Ai,..., An) + 2_^ ‘^g'^n'+l ‘^g",n"+l 


where A and Ai,...,A„ are the projections of y and xi,..., on the base of the 
branched covering ©• We have the following decomposition 


Wa^y = y + (w^^y\/3j)/3jl2 = y + {y\l3jyi3jl2. 


spjiwa^y) = y' - iy\Pj,a)Pjl^, 


where y' is a cycle invariant with respect to the local monodromy around A = Uj. 
The period vectors (Py(s,A',z) are analytic near A = Uj, so up to terms that are 
analytic at y = y^j we get that (l20l) coincides with 


1 

4 


iy\fij,a)^ {co' 


fij-Apy-;y 

g-1,/1+2 


(s;A, A,Ai, 


■ ■ ’ 4.) + E V) A,„ 


))■ 


Note that (1 /2) ReSj,=y^, = ReSi=„^. To finish the proof we just need to compute the 
sum 


IWI/2 ^ 

^ 'j (yl^J,a)‘^ n’i,0j(y),Way(Xo) — ~ ^^(ylw^j)S yt,ffj(y)^n,y(Xo) — —-Kyj}j(s, Xq, y). 

a=l weW 

It remains only to recall Proposition [2]3] 

xo,y) = n(cpl(s, do; z), d; z)) 
and to recall that by definition 

{/ 3 j,y) = (I^-\s,A),\). □ 
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4. The free energies and the primary potentials in genus 0 and 1 

The main goal of this section is to compute the genus-0 and genus-1 free energies. 
However, let us first prove that the spectral curve is non-singular. 

4.1. Smoothness of the spectral curve. The spectral curve is a branched covering 
([7]) of a smooth curves, so the only singularities could be at the ramification points. 
The ramification points of index 2 are easy to analyze, because locally the covering 
near such a point is equivalent to a covering defined by the period map of an Ai- 
singularity. Therefore, we can reduce the proof of the general case to the case of an 
A 1 -singularity. The latter case is straightforward, so we omit the details. It is more 
interesting to prove the regularity at the ramification points /l“^(oo). 

Let us first recall several properties of the Coxeter transformations. Given a 
Coxeter transformation cr, all other Coxeter transformations have the form wcrw~\ 
w e W and the set of all Coxeter transformations consist of \ W\/h elements. Note 
that the number of ramification points above d = oo is also \ W\/h. By definition, the 
ramification points are the solutions of the following equations in 

a^,,...,X;,) = 0, l<a<fV-l. 

We assign a ramification point ^ = [^i,..., to each Coxeter transformation cr, 
by letting 6 f) be an eigenvector of cr with eigenvalue rj := WT/a Recall 

the so called Coleman lemma |I51: {a,0 0 for all a £ R, i.e., each eigenvector ^ 

is inside some Weyl chamber. 

Proposition 4.1. The map that associates a ramification point to a Coxeter trans¬ 
formation is a bijection. 

Proof. Let us assume that = tj^ = cr 2 f for two Coxeter transformations a\ and 
cr 2 . Since the Weyl group acts faithfully on the set of Weyl chambers and cr“'cr 2 
fixes the Weyl chamber to which ^ belongs, we must have cti = 0 - 2 . Since both sets 
have the same number of elements, the map must be onto. □ 

Assume now that f = [0, ^ 1 ,..., 6 is a ramification point. We may assume 

that = 1, so the ramification point is in the affine chart '■= {2fAf 0} c P^. 
Let Ui = Xi/X^, 0 < I < A - 1 be the affine coordinates of Uj^. The equation of 
VsCUn can be written as 

ta{Uu...,UN-\, 1) = Saul\ f < 0 < A - 1. 

Using the Jacobian criterion, we get that we have to prove that the determinant 


r dtx 

dt\ 1 

dxi 

dxfi-i 

dtN-l 

dtfi-l 

- dxi 

dxM-i J 


det 
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is non-zero at x = Let us look at the larger determinant 


r dn 

dt\ 

dti 1 

dx\ 

&JV-1 

dXN 

atN-i 


dtN-l 

dxy 

dXN-\ 

dxM 

dtn 

dtu 

dtN 

- dxy 

dXN-\ 

dxM J 


]~[<a, x). 

aeR+ 


Sinee the invariant polynomials are weighted homogeneous, we have 


Z 



data- 


Therefore, when we evaluate the bigger determinant at x = (^i,..., we may 
replaee the last eolumn by (0,..., 0, dNtNiO)', where we used that = 0 for 
1 < a < - 1. Again, the Coleman’s lemma implies that the big determinant 

is non-zero, so both and the determinant that we are interested in must be 
non-zero. 

Finally, let us point out that our argument proves that the ramifieation points 
/C^oo) are smooth for all s 6 


4.2. Genus-0 free energy. The genus-0 free energy is defined through the mero- 
morphie differential 

fy{x)dx = A), DdA = d,(i^;^\s. A), 1), 

where x = 0(C, s - dl) and C is the path to the reference point that determines 
the value of the period. The poles of this differential are only at the ramification 
points := /l“'(oo) and the integrals along any closed path in is 0, so the 

definition from [TTUll takes the form 

j \w\/h 

- = 9 E Vaix)Mx)dAix), 

^ a=l 

where 


Va(x) = ReSy=;,„ log(l - ^(x)U(y))fy(y)dA(y), 

where ^ : Ua - {Xa} —> C is a local coordinate in a neighborhood Ua of Xa, s.t., 
4(y) = Vy 6 Ua. 

We have f"(5, A',z) = S i(z)F(0, d; z), where S s = 1 + 5 -!-••• is a fundamental 

solution for the Dubrovin’s connection 

zd,^S ,iz) = Va»S t(z), S o(z) = 1. 

Let us denote by cr : f) ^ I) the Coxeter transformation corresponding to the mon- 
odromy along a big loop around the discriminant (in counterclockwise direction). 
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then using the homogeneity of v,, we get 




where m, = - 1 are the Coxeter exponents and Hi 6 1) is an eigenveetor of cr with 

eigenvalue 77 '"'. Note that m\ = I, = /i - 1, m,- + niN+i-i = h. Using Saito’s 
formula ( 12 . 11 ) we get that the eigenbasis satisfy 

It follows that we ean express the free genus-0 energy in terms of the eigenbasis 
and the matriees S u- After a direet eomputation we get the following formula for 


Z 


^-mi/h+2 

{—niilh + \){-mi/h + 2 ) 




Z 


^-nii/h+l 

—niilh + 1 


< 7 ,//,)(Siv‘,l) + 


00 N 

+ ^ 'Y^{milh)(milh -h 1 ) • • • (trii/h + k- l)d"'”'^< 7 , Hi)(Sk+ 2 v\ 1 ), 
k=0 1=1 


where {v'} is a basis of H dual to {v,} with respeet to the residue pairing. 

Let us assume first that is the ramifieation point eorresponding to the elassieal 
monodromy, then 

nw = - y 1 ), 

h + 1 ^ Mi 

where ^ = ^(x) = A{xy^^' is the loeal eoordinate near Xa- From this formula we get 
that 


Res,=,„ Va(x)fyix)dA(x) = l)d^Vaix) 


h[{y,H,) {y,H^){S^h 1) - {y,H^^,_i){S 2 v\ 1){S 1)). 


The above formula ean be simplified as follows. Note that 

h 

h{y,Hi)Hf,^,^i = yrf'^a^y, 

k=\ 

SO (I2T]) takes the form 


h h N 

y ri\cT>^r\y)iS3h 1) - E E ^'"''<^Vlr)(52v', i)(S i). 

k=l k=\ 1=1 


( 21 ) 


( 22 ) 
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The expression (l22l) is the eontribution to coming from the residue at the 
ramification point Xa- Note that after adding the remaining contributions we get 
that is the sum of (l22l) over all Coxeter transformations cr. 


Lemma 4.2. The following identity holds 

h 

k=\ tr 

where the sum is over all Coxeter transformations cr. 


Proof The operator commutes with the action of W, so By Schur’s lemma, 
it must act by some constant c^. After taking trace we get 

c,N = Tr{(T^)\W\/h, 

where we used that there are \ W\/h Coxeter transformations and that the trace of cr'" 
is the same for all Coxeter transformations. On the other hand, 

h N h 

^ 77 '"'*^ Tr((/) = = h- □ 

A:=l 7=1 k=\ 

Applying the above Lemma and using that S t{z)S f-zY = 1, we get 
^‘°^ = ^((53-525i)l,l)|lT|(rl7)/A. 

Using that S,(z) is a solution for the Dubrovin’s connection, it is easy to verify that 

F'°^ = ^((52Si-S3)1,1) 

is a potential of the Frobenius structure, so up to quadratic terms in t we have 

= -(rir) 


4 . 3 . Genus-1 free energy. Let us denote by ( 1 < j < N, I < a < |VT|/2) the 
double ramification points and by uj := /l(xya) the corresponding branching points. 
The genus-1 free energy is by definition 

. . N \W\I2 


where is the derivative with respect to the local parameter ~ “/ = 

Xj^a and tb is the Bergman tau-function of Vs. 

Recall that the period mapping has the following Laurent series expansion near 
A = Uj (see [fT4l[T^ l: 


C(s,A) = ±- 


Y 2 (A - Uj)Aj 


[d, 


Uj -\- 
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where the dots represents higher order terms in d - W/, Ay := {duj,duj), and is a 
eyele vanishing over A = uj. The points x = 0(C, 5 - dl) in a neighborhood of Xj^a 
eorrespond to d in a neighborhood of Uj, so we get 


= lim 

A—j 


dA4~'\s,A),l) 

d,x ^A - U j 


lim 2 yJT- 


;(/f(5,d),i). 


Deeomposing the eyele y = y' + {y\f3j)fijl2 into invariant and anti-invariant parts 
with respeet to the loeal monodromy we get 


fy(xj,a) = lim(yl^y) y/A-uj 


±2 


yj2(A - Uj)Aj 


= +V2(7^,)A- 


- 1/2 


4.3.1. The Bergman r-function. To define the Bergman tau-funetion we have to 
think of the pair (V^, d) as a point in an appropriate moduli spaee A\ of Hurwitz 
eovers of P‘ whose genus and ramifieation profile is the same as of The eritieal 
values Uj^a = 'i(^j,a) provide loeal eoordinates on h\ and the differential of Tg at 
(y^, d) is defined via 


V |W|/2 

d log tb = EE dUj^a ReSj:=;tj,a 
;=1 0=1 


B{x, 6j^a(x)) 
dA 


where B is the Bergman kernel of Vs. 

Let u = (A(x) - and v = (d(y) - be the loeal eoordinates of two points 
T,y 6 Vs near xj^a- The Bergman kernel has the form 

dudv 

B{x,y) = ^ -t fj^a{u,v)dudv, 

(u - vY 

where /,;« g C{m,v} is a eonvergent power series in u and v. If y = Oj^aix), then 
V = -u and we get that 


ReSr=v 


B(x, 6j,a(x)) 
dA 


-^//o(0,0). 


4.3.2. The Bergman r-function and the R-matrix. Following the notation in IfT^ 
we reeall the following formula for the eorrelator 

A, A) = Plfs, A)dA • dA, 

where is the vanishing eyele vanishing over A = uf. 

Pifs, d) = i(d - + 2{ej, VMefiA - UjTf 
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where e, = duj! ->/A” s T*B = H and Vu{s) are linear operators of H defined via 
Givental’s 7?-matrix di{s, z) = 1 + ^i(5')z + R 2 {s)z^ + • • • 

1 - ^%{s, -w)R{s, -z) 




Note that Vqo = and sinee {ej} is an orthonormal basis of H, we get that {ej, Voo(s)ej) 
R-[\s) is the jth diagonal entry of R\(s). 

Reealling the definition of the 2-point genus-0 eorrelators we get that 


Res;,=;,.„ ^ (G(0^( 


s,A;z),(f>l{s,fi-,z) - (rlr) 


dA ■ djx 


(23) 


ti=A 


is 


Res,.„, (2P™ ,(j, 2) + Pi\s, A))dA = (y\fijfR"(s), 


where Xj^a is the ramifieation point eorresponding to the referenee path that defines 
the residue (l23l) and y' is the invariant part of y with respeet to the loeal monodromy 
around A = ui. Note that is holomorphie near A = u;, so it does not eontribute 
to the residue. 

On the other hand we ean eompute the residue (1231) in terms of the Bergman 
kernel. Recalling Proposition l2.3l and Proposition l2.4l we transofrm the residue (1231) 
into 


Resv=v 


Y^irlwy) 


VwelV 


B{x, wy) 
dA{x) 


- (rlr) 


dAiy) 


{A{x)-A{y)f 


The only terms in the above sum that contribute to the residue are the ones for 
which w = 1 or w = O^a- Using again the local coordinates u = -sfA{x)^^j and 
V = -yjAiy) - Uj we get that the term with w = 1 and the term outside of the sum add 
up to 

(rlr)(^M“^ + ^fj,a(t^,u)u~^)du 

and the contribution to the residue is (y\y)fj,a(0, 0)/2. The term with w = Oj^a con¬ 
tributes to the residue 

-]j{y\0i,ay)fj,a{^,0). 

Comparing the two computations of the residue (1231) we get 

{y\IAjfR^j{.s) = ^(rlr-0y.«(r))//,.(O,O) = ^(rie;)V;,.(0,0), 
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i.e., ^/ja(0,0) = R['. Therefore the differential of the Bergman r-funetion is the 
following 


^^logTB = 


N 


7=1 


Finally, the genus-1 free energy beeomes 

/ - „ A 


T'V) = ^ 


1 r ^ 1 " 

2 J Z ^ Z 


It remains only to reeall that the term in the braekets is the genus-1 primary potential 
of the Frobenius strueture also known as the G-funetion (see lfT3ll for more details 
and referenees). 
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Appendix A. The space of holomorphic I-forms 

In this appendix we would like to give a description of the space of holomorphic 
1-forms and to prove that our initial condition (fTOl) is independent of the choice of 
a Torelli marking. Unfortunately, our argument does not work in the exceptional 
cases. Of course, we can use Corollary 12.51 but it would be nice to find a direct 
algebraic proof. We also give an amusing proof that the order of the Weyl group is 
the product of the degrees of the invariant polynomials. 

A.l. The space of holomorphic 1-forms. Using the Riemann-Hurwitz formula 
we can compute the genus of Vs as 

g=\+d(V)\W\/(2h), 

where 


d(V) = Nh/2 - h - \ = di + d2 + ■ ■ ■ + dN_i - N - 

The genus can be computed also using that Vs is a complete intersection, which 
allows us to compute the canonical bundle via the adjunction formula (see lf6ll ) 

g = \ + d2 ''' + d2 ^A-i ~ A). 

In particular, we get a uniform proof that | W| = did 2 .. .d^. 

The space of holomorphic 1-forms on Vs can be described as follows (see fTl). 
In the affine chart Xq 9^^ 0 and the affine coordinates x, = Xi/Xq it is easy to see that 

dxi A • • • A dx^ 

(f>{Xi,...,XN) 


dti A ■ ■ ■ A dtN_i 


(24) 
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extends to a holomorphie form on Vs if and only if 0 G C[xi ,..., is a polynomial 
of degree at most d(V). Note that the form (l24l) is identieally 0 on Vs if and only 
if h G {t\{x) - 5i,..., tN-\{x) - sn-i)- It remains only to eheek that the number of 
elements in the ring 

C[Xi, . . .,Xiv]/(ti(x) - - Sn-\). 

of degree at most d{V) is g. 

Proposition A.l. If 4> 6 Sym(I)*) is a polynomial of degree at most d(V) and y 6 b* 
is a linear function, then 

^ det(w) (wy <8 V) = 0- 

weW 

Proof Our argument works in the A and D eases only. The identities in the exeep- 
tional eases, ean be verified with a eomputer. 

The LHS will be viewed as a funetion / on b x b 

fix, y) = Y^ det(w)<w 7 , x) (piwy), {x, y) G b x b- 

weW 

Sinee the funetion depends linearly on y, it is enough to prove the identity for a set 
of y’s that form a basis of b*- Similarly, we may assume that (/> is a monomial in y. 

Let us take y to be a fundamental weight eorresponding to a node of the Dynkin 
diagram, s.t., if we remove that node, then we get a Dynkin diagram of the same 
type but with rank one less. Note that the number of positive roots orthogonal to y 
is - l)N for Aat and (N - 2)iN - 1) for D^- In both oases, the number is greater 
than 

[(N -2)iN -1)-1 for Dm. 

In partioular, the polynomial 

= fl 

Q'6R+:(a|7)=0 

has degree at least diV) + 1. The zero loeus of is oontained in the zero loous of 
/: if (Qr,yo) = then in the definition of / let us shift the summation by replaeing 
w 1 -^ wsa, we get /(x,yo) = -fix,yo). The ideal generated by Ay is a radioal 
ideal, so using Hilbert’s Nullstellensatz, we get that fix, y) = gix, y)Ayiy) for some 
polynomial g. If we assume that f 0, then we get a oontradiotion by oomparing 
the degrees of the monomials in y on both sides: on the left they all have degree 
deg(^) < diV), while on the right, they all have degree at least deg(A^) > diV). 

To finish the proof, we just need to use that the above argument applies to the 
entire orbit Wy and that this orbit eontains a basis of b*- 
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The above proposition implies that our initial eondition is independent of the 
Torelli marking. Indeed, changing the Torelli marking will modify the Bergman 
kernel via a quadratic expression of holomorphic differentials on V^. Using the 
explicit description of the holomorphic differentials from above we see that if we 
replace B{x,y) in (fTOl) by a product 9 \{x) 62 {y) of holomorphic differentials, then we 
get precisely the identity in Proposition lA.ll 
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